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Abstract 



We study the arboricity A and the maximum number T of edge-disjoint spanning 
trees of the Erdos-Renyi random graph For ah p € [0, 1], we show that, with 

ly^ I high probabihty, T is precisely the minimum between 6 and [m/(n — 1)J , where 6 is 

the smahest degree of the graph and m denotes the number of edges. Moreover, we 
exphcitly determine a threshold value for p such that: above this threshold, T equals 
! [m/(n — 1)J and A equals \m/{n — 1)]; and below this threshold, T equals 6, and we 

I give a two-value concentration result for the arboricity A in that range. Finally, we 

(-H ■ include a stronger version of these results in the context of the random graph process 

, where the edges are sequentially added one by one. 

1 Introduction 

The spanning-tree packing (STP) number of a connected graph is the maximum number of 
edge-disjoint spanning trees it contains. Computing this parameter is a very classical problem 
ff-^ ! in combinatorial optimization. One of the earliest results on the STP number is a min-max 
I relation proved by Tutte [26] and Nash- Williams [20]: the STP number of a graph is the 
O ' minimum value, ranging over all partitions V of the vertex set, of the ratio (rounded down) 
between the number of edges across V (i.e. edges with ends lying in different classes of V) 
and \V\ — 1. This characterisation has important consequences in computer science, where 
the STP number has been used as a measure of network vulnerability in case of attack or 
edge failure (see [121 [8]). Intuitively speaking, it provides information about the number of 
edges that must be destroyed in a connected network in order to create a given number of 
new components. In addition, finding edge-disjoint spanning trees in a graph is relevant to 
the design of efficient and robust communication protocols (see e.g. a seminal article by Itai 
and Rodeh [E]). There are two obvious upper bounds on the STP number of a graph with n 
vertices: the minimum degree, since each spanning tree would need to use at least one edge 
incident to each vertex; and the number of edges divided by n — 1, since each spanning tree 
has exactly n — 1 edges. For further information on the STP number, we refer the reader to 
a survey by Palmer [22] on this topic. 

Another closely related graph parameter that has been widely studied is the arboricity of 
a graph: the minimum number of subforests needed to cover all of its edges. A trivial lower 
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bound on the arboricity of a graph with n vertices is the number of edges divided by n — 1, 
since we cannot do better than covering all the edges with a set of edge-disjoint spanning 
trees. Nash- Williams [21] also provided a min-max relation for the arboricity of a graph, 
which yields a natural interpretation of arboricity as a measure of density of the subgraphs 
of a graph. This makes arboricity a useful notion in computer science, since the problem of 
determining the existence of dense subgraphs in large graphs is relevant to many applications 
in real world domains like social networking or internet computing. In fact, finding such dense 
subgraphs and other related problems can often be efficiently solved in linear time for any class 
of graphs with bounded arboricity (see [TJ [H]). This includes important families of graphs 
such as all minor-closed classes (e.g. planar graphs and graphs with bounded treewidth) and 
random graphs generated by the preferential attachment model. Finding the STP number 
and the arboricity of a given graph are among the most successful applications of matroids 
in combinatorial optimization. Both problems can be formulated as matroid union problems 
and thus can be solved in polynomial time. For more details, see [251 Chapter 51]. 

It is then natural to study the behaviour of the STP number and the arboricity for the 
Erdos-Renyi random graph ^(n,p), in which the vertex set is [n] and each of the (2) possible 
edges is included independently with probability p (where p = p{n) is a function of n). It is a 
well-known fact that, forp = (logn— aj(l))/?7,, the random graph ^^(n,p) is a.a.sQ disconnected 
(see e.g. Theorem 7.3 in [2]), and hence the STP number is zero. Palmer and Spencer [25] 
showed that a.a.s. the STP number of ^{n,p) equals the minimum degree whenever this has 
constant value k, which happens when p is around (logn + {k — l)loglogn + 0{l))/n. In 
fact, they proved a stronger hitting-time result in the context of the evolution of '^^{n,p) when 
p grows gradually from to 1, and showed that a.a.s. the precise time when the minimum 
degree first becomes k coincides with the time when k edge-disjoint spanning trees first appear. 
Moreover, Catlin, Chen and Palmer [5] studied the denser case oi p = C{logn/nY^^, where 
C > is a sufficiently large constant, and determined the STP number and the arboricity of 
^{n,p) to be a.a.s. equal to |_m/(n — 1)J and \m/{n — 1)], respectively, where m denotes the 
number of edges. In a recent unpublished manuscript, Chen, Li and Lian [B] proved that, for 
any (log?T, + a;(l))/?7, < p < 1.1 logn/n, a.a.s. the STP number of W{n,p) equals the minimum 
degree. They also observed that this property a.a.s. does not hold for p > 51 logn/n, and 
posed the question of what is the smallest value of p such that the STP number of W{n,p) 
differs from the minimum degree. 

In this paper we strengthen the previous results, and characterise the STP number and the 
arboricity of ^{n,p) as follows. We first prove that for all p G [0, 1], the STP number is a.a.s. 
the minimum between 6 and [m/(n — 1)J, where 6 and m respectively denote the minimum 
degree and the number of edges of '^{n,p) (see Theorem [1]). Note that the quantities 6 and 
Lm/(n — 1)J above correspond to the two trivial upper bounds observed earlier for arbitrary 
graphs, so this implies that we can a.a.s. find a best-possible number of edge-disjoint spanning 
trees in ^(n,p). Our argument uses several properties of ?f(n,p) in order to bound the 
number of crossing edges between subsets of vertices with certain restrictions, and then applies 
the characterisation of the STP number by Tutte and Nash- Williams stated in Theorem [71 
Moreover, we determine the ranges of p for which the STP number takes each of these two 
values: S and [m/(n — 1)J. In spite of the fact that the property {5 < \rn/{n — 1)J} is not 
necessarily monotonic with respect to p, we show that it has a sharp threshold at p ~ /3 log n/n, 

^We say that a sequence of events holds asymptotically almost surely (a.a.s.) if hm„_i.oo Pr(i?ri) = 1- 
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where /3 ~ 6.51778 is a constant defined in Theorem [2l Below this threshold, the STP number 
of ^(?7,,p) is a.a.s. equal to S; and above the threshold it is a.a.s. [m/(n — 1)J. In particular, 
this settles the question raised by Chen, Li and Lian [B]. We also include a stronger version 
of these results in the context of the random graph process in which p gradually grows from 
to 1 (or, similarly, the edges are added one by one). This provides a full characterisation 
of the STP number that holds a.a.s. simultaneously during the whole random graph process 
(see Theorem |3]). The argument combines a more accurate version of the same ideas used 
in the analysis of the STP number of '^^{n,p) together with multiple couplings of ^{n,p) at 
different values of p. In addition, the article contains several results about the arboricity of 
^{n,p). As an almost direct application of our result on the STP number, for p above the 
threshold piogn/n, we determine the arboricity of '^{n,p) to be a.a.s. equal to \m/{n — 1)]. 
This significantly extends the range of p in the result by Catlin, Chen and Palmer [5]. We 
further prove that for all other values of p, the arboricity of '^{n,p) is concentrated on at most 
two values (see Theorem Hj). In order to prove this for the case pn — )■ oo, we add o{n) edges to 
'^{n,p) in a convenient way that guarantees a full decomposition of the resulting graph into 
edge-disjoint spanning trees. This construction builds upon some of the ideas previously used 
to study the STP number. The case pn = 0(1) uses different proof techniques which rely 
on the structure of the /c-core of W{n,p) together with the Nash- Williams characterisation of 
arboricity stated in Theorem [HI Finally, some of the aforementioned results on the arboricity 
are also given in the more precise context of the random graph process (see Theorem [5] and 
Corollary |6]) , similarly as we did for the STP number. 

The behaviour of the STP number and the arboricity has been also studied in other 
models of random graphs. Frieze and Luczak considered the random directed graph in 
which each vertex chooses k out-neighbours uniformly at random, with fixed k. This graph 
has k disjoint spanning trees with probability going to 1 (where the orientation of the arcs 
is ignored). Some variants of arboricity have also been studied. The linear arboricity of a 
graph is the minimum number of forests consisting only of paths needed to cover all edges 
of the graph. This parameter was studied by McDiarmid and Reed [IB] for regular graphs. 
Similarly, the star arboricity of a graph requires each forest to consist only of stars and was 
studied by Alon, McDiarmid and Reed [1]. 

2 Main results 

Given a graph G, let V{G) denote the vertex set of G and let E{G) denote the edge set of G. 
Let m{G) be the number of edges of G and let 5{G) denote the minimum degree of G and 
define d{G) := 2m{G) / {\V {G) \ — 1). Note that d{G) differs from the average degree of G by 
a small factor of \V{G)\/{\V{G)\ - 1). 

Let W{n,p) denote the random graph with vertex set [n] such that each possible edge in 
{{m, v} : u,v & [n], u ^ v} is included independently with probability p. Given a sequence of 
events {En)nmi we say that En happens asymptotically almost surely (a.a.s.) if Pr(£'„) — ?■ 1 
as 77, — )■ oo. 

Given real sequences a„ and 6„ (possibly taking negative values), we write a„ = 0(6„,) 
if there is a constant C > such that |a„| < C|6„| for all n\ we write a„ = o(6„) if 
lim^^oo CLn/bn = 0. We write a„ = Vtipn) if ctn > and 6„ = 0(a„); a„ = ojipn) if a„ > and 
hn = o(a„); an = 6(6„,) if a„ > 0, a„ = 0{bn) and an = ^{bn)- In particular, in this paper. 
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all constants involved in these notations do not depend on p under discussion. For instance, 
if we have a„ = where 6„ may be an expression involving p = p{n), then it means that 

there are constants C > and no (both independent with p), such that a„ > C|6„,| uniformly 
for all n > no and for all p in the range under discussion. 

For any graph G, let T{G) denote the maximum number of edge-disjoint spanning trees 
in G (possibly if G is disconnected). 

Theorem 1. For every p = p{n) G [0, 1], we have that a.a.s. 

T{^{n,p)) = min |(5(^(?T.,p)), 

Theorem 2. Let (3 = 2/log(e/2) ^ 6.51778. Then 

(i) ifp= /3(i°s»"i°gi°s"/2)-^(i) ^ ^1^^^ ^^^^^^ 5{^{n,p)) < [»i^J and so T{'^{n,p)) = 

(ii) ifp= /^(i°g"-i°gJ°g"/2)+^(i) ^ ^/^g^ ^^^^^^ 5{^{n,p)) > [&MJ and so T{^{n,p)) = 

Consider the random graph process Gq.Gi, . . . ,G^n^ defined as follows: for each m = 

0, (2), Gm is a graph with vertex set [n]; the graph Go has no edges; and, for each 
1 < m < (2), the graph Gm is obtained by adding one new edge to Gm-i chosen uniformly 
at random among the edges not present in Gm~i- Equivalently, we can choose uniformly at 
random a permutation (ei, . . . , e^^np of the edges of the complete graph with vertex set [n], 

and define each Gm to be the graph on vertex set [n] and edges ei, . . . , Cm- 

Theorem 3. Let /3 = 2/ log(e/2) ^ 6.51778. The following holds in the random graph process 
Gq, Gi, . . . , G^n-^ . 

(i) A.a.s. T{Gm) = min |(5(Gm), [fn/ (n — 1)J } for every < m < (2) ■ 

(ii) Moreover, for any constant e > 0, a.a.s. 

• S{Gm) < \m/(n — 1)J for every < m < nlogn, and 

• 6{Gm) > [m/{n— 1)J for every ^^^^nlogn <m< (2) ■ 

Remark: We will actually prove a stronger result than Theorem [3] (ii). See Theorem [281 in 
Section [61 

For any graph G, let A{G) denote the minimum number of subforests of G which cover 
the whole edge set of G. This number is known as the arboricity of G. 

Theorem 4. Let (3 = 2/log(e/2) ^ 6.51778. 

(i) For all p = ^i^ogn-iosiogn/2)+u.ii) ^ ^^^^^^ A{<S{n,p)) = [^i^^]; for all p = co{l/n), 
a.a.s. A{^{n,p)) e {[fe^], [fell] + 1}; 



d{'^{n,p)) 
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(ii) For all p = Q{l/n), a.a.s. A{^{n,p)) = {l + Q(l))pn/2. Moreover, there exists a k > 
(depending on p), such that a.a.s. A{^{n,p)) G {k, k + 1}. 



(Hi) If p = o{l/n), then a.a.s. A{'^{n^p)) < 1. 



Remark: (a) Note that Theorem H] (i) is a simple corollary of Theorem [5] below. Indeed, for 
most values of p = uj{l/n), we can even do better than the two- value concentration result 
stated above and a.a.s. determine the exact value of the arboricity (cf. the remark that follows 
Theorem [5l). (b) It follows from Theorem H] that, for all p = u{l/n), the arboricity of '^{n.,p) 
is asymptotic to pn/2, whereas this property fails for p = 0{l/n). 

Theorem 5. Let /3 = 2/ log(e/2) ^ 6.51778. The following holds in the random graph process 
Gq, Gi, . . . , G^n-^ . 

(i) Let mo he any function of n such that mQ/n — > oo and let e > be any constant. Then, 
a.a.s. simultaneously for all m > mo such that 6{Gm) < d{Gm)/2, 



m + 01 



n 



< AiGm) < 



m + 



n — 1 



where 



= n/ exp i^^^^j = o{n) and 02 = n/ exp y ^ ^ 
a.a.s. A{Gm) G {[t^^yI' I'ri^l ~^ ^J' ■^^'^ ^ ^^^^ range. 



(l-e) 2m 



(1) 



o{n) . In particular. 



(ii) Moreover, a.a.s. simultaneously for every m such that 6{Gm) > d{Gm)/2 we have 

A{Gm)= \m/{n-l)]. 



Remark: Given positive integers a and b, let R{a,b) = a — b\_a/b\ denote the remainder 
of a divided by b. Then in Theorem [5](a) implies A{Gm) = [^^1 those m such 
that < R{m,n — 1) < n — 1 — 02 (which is the case for most of the values of m), and 
A{Gr,i) = [;^] + 1 if R{m,n - 1) = or R{m,n - 1) > n - 1 - 0i. For those few 
remaining values of m such that n — 1 — 02 < R{m,n — 1) < n — 1 — 0i we can only say 

A(G„.)G{r^i,r^i + i}. 

Corollary 6. Let mA=i denote the minimum m such that A{Gm) becomes i in the random 
graph process Gq, Gi, . . . , G^n^ . Let iq be any function of n such that iq ^ oo and e > be a 
constant. Then a.a.s. 

(i) for every io < i < {1 — e)f3\ogn/2, 

{i - l){n - 1) - 02 < mA=i <{i- l){n - 1) - 0i, 

where 0i = n/ exp (^^^y^^j = o{n) and 02 = n/ exp i ^^^p''^ ^ = o{n); and 

(ii) for every (1 + e)/3 logn/2 < i < n/2, 

mA=i = (i - l)(n - 1) + 1. 
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3 Tools 

For any graph G and any partition V of its vertex set, let mciV) denote the number of edges 
in G with ends in distinct parts of V. When G is imphcit from the context, we may drop the 
subscript. 

Theorem 7 (Tutte [26] and Nash-Wilhams [20]). Let G be a graph. Then G contains t edge- 
disjoint spanning trees if and only if, for every partition V of the vertex set of G such that 
every class is non-empty, 

mciV) > t{\V\ - 1). (2) 

For any graph G and S C V{G), let Eg[S] denote the set of edges of G with both ends 
in S. When G is implicit from the context, we may drop the subscript. 

Theorem 8 (Nash- Williams [21]). Let G be a graph. Then the edge set of G can be covered 
by t forests if and only if, for every nonempty subset S of vertices of G, 

\EG[S]\<t{\S\-l). (3) 

Theorem 9 (Chernoff's bounds). Let Xi, . . . ,X„ denote n independent Bernoulli variables. 
Let X = Yl^=i -^i ^'^^ — EX. Then for any < t < 1, 

Pr (X > (1 + t)i2) < exp(-tV/3), Pr (X < (1 - t)j2) < exp(-tV/2)- 

For the rest of this section, we always let G denote ^{n,p) and let 6 := 6{'^^{n,p)) and 
d := d{W{n,p)). For any vertex v, let d^ denote the degree of v in G. 

Lemma 10. For any n > 2 and any function t{n) < 1, we have that the probability that 
\d — pn\ < tpn and \m — p(^) \ < tp(2) is at least 1 — 2 exp(— At^pn^) where A = 1/12. 

Proof. By the definition of d, the events \d — pn\ > tpn and |m — p^^) I > ^^'(2) equivalent. 
Then, since the number of edges in ^{n,p) is distributed as Bin{(^^^,p), we apply Chernoff's 
bound in Theorem |9] and obtain 



Pr| \m-p( >tp(^2 ) 1 < 2exp | - ) . □ 

Lemma 11. Let f > be any function of n such that / — )■ 00. Then, there exist a constant 
C > such that for every f /n < p < 1 the following holds in '^{n.,p) with probability at least 
1 — e"'"'^^"^^ ^ . The number of vertices with degrees not in [d — {pnY^^, d + (pn)^/^] is at most 



Proof. We have that 

Pr{\dy-d\ > {pnf/^) <Pr (\d-pn\ > +Pr (^\d,-pn\ > 

By Lemma [TOl with t = h ■ {pn)~^^^, 



\d — pn\ < — - — J < 2 exp(— An ■ (pn) 



2/3 



1/3) 



where A is a positive constant. By Chernoff's inequality in Theorem |9l for a positive constant 

{pnY/^\ ( Bpn 



Pr(|4 -pn| > iq-) < 2exp ( - ^) = 2exp ( - B{pnY'^). 

Thus, there is a positive constant C such that, 

Pr(|rf„ -d\> {pnf'^) < exp ( - 2C(H^^^)- 

Thus, by Markov's inequahty, the probabihty that the number of vertices with degree outside 
[d — (pn)^/^, d + (pn)^/^] is more than n exp(— C/"*^/"^) is at most 

nexp ( - 2C(pn)^/^) , , , 
^ ' ' < exp - CipnY'"^), 

since pn > f. □ 
Lemma 12. (i) For any p < 0.9 logn/ (n — 1), a.a.s. 6{W{n,p)) = 0. 

(^M^ For every < 6 < 1 and every C > 0, there exists a 7 > 0, such that for all p > 
7logn/(n- 1), Pr{5{^{n,p)) < Opin - 1)) < e-^'°s". 

Proof. Part (i) was proved in [3]. We prove only part (ii). By Theorem [HI 
Pr(^(5(^(n,p)) < ep{n - 1)) < nexp (-(1 - efp{n - l)/2) < nexp (-(1 - ^)^(7/2) logn) . 

Thus, the statement holds by choosing 7 sufficiently large so that (1 — fff'll'^ — \>C. □ 

For any sets 5, 5" C [n], let E{S, S') be the set of edges in G with one end in S and the 
other in S'. 

Lemma 13. Let f > be any function of n such that f — )■ 00, and C > any fixed constant. 
Then, there exists a constant C > such that for every f /n < p < 1 the following holds in 
^{n,p) with probability at least l—e~'-^P"- . For every disjoint sets S, S' C [n] with \S\, \S'\ > (n 
we have > (d/4:)\S\\S'\/n. 

Proof. The variable \E{S,S')\ has distribution Bin(|S'||S"|,p). By Lemma [TO] with t = 1/4, 
we have that ^ 

Pr(^d > -^pn^ < 2exp(— Apn^) 
where A = 1/12 and n>2. By Chernoff's bound in Theorem [9l for a positive constant B, 

Pr(Bin(^\S\\S'\,p^ < ^\S\\S'\^ < exp {-Bp\S\\S'\) . 
Hence, the probability that there exist such S and S' is at most 



2 exp - Apn^^ + ^ ljl^]exp {-Bpss') < exp - Apn^^ + ■ 2" ■ 2" exp {-BCpn^) 

< 2 exp - Apn^^ + exp {B"n - BC'^pn^) . 
for a positive constant B" and we are done since pn>/— >ooasn— j-oo. □ 
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Lemma 14. Let f > be any function of n such that f — )■ oo, and let a > be any fixed 
constant. Then, there exist constants C > and C > such that for every f/n<p<l the 
following holds in '^^{n,p) with probability at least 1 — Ce"^^'^^ . For all s < (n and every set 
S of size s, we have that \E[S]\ < apns. 

Proof. The result is trivial for any set of size s < 2apn since |-E'[5']| < < s{2apn)/2 = 
apns. Let C > be small enough so that |^ < e~^/" . The expected number of sets of size 
2apn < s < (n containing at least apns edges is at most 

(A( (2) ^ Jcpns] ^(e_n ^e^\ r«pn.i Y ^ / ["p-i-A ^ 

\sj\\apns~\} -\s \2an) J \2a \2anJ J 

(/ > \ apn\ s 

for some constant A > depending only on / and ( (we used the fact that the exponent 
[apn] — 1 > af — 1, which eventually becomes positive as / — 00). 
Summing the expectation above over all s > 2apn, we get 

J2 (Ae-^"/")^ < (Ae-P"/'^)'""" ^ _ ^^^^^^ < ^7e-(^")^ 

s>2apn 

for some constant C > only depending on / and (. □ 

Lemma 15. For every constant 77 > there exist positive constants Ci and C2 such that the 
following holds for any function < p < \l\fn and every integer < < (1 — r])np. Let 
X ~ Bin{7i,p). Then, 

Pr(X < A;) = ( and Ci < C < C2. 

Vk ^ k ^ 

Proof. It follows easily from Stirling's approximation, that there exist two positive constants 
Ai and A2 such that, for every < k < ^/n, 

Ai /en\k ^ fn\ ^ A2 /en\k 

Moreover, there exist positive constants Bi and B2 such that, for every < p < l/y/n and 
every < k < -y/n, 

Bie-P'' < (1 - p)"''' < B2e-P''. 
Therefore, there is some Ci = 0(1) not depending on p ot k such that 

and the lower bound follows immediately since Pr{X < k) > Pr(X = k). For the upper 
bound, let = Pr(X = i) = (")p*(l — p)"'~\ and observe that, for every i < {1 — r])np, 

fi-i i V 
LL± < < 1 _ 

fi {n -i)p 2 ' 

since p < 1/y/n < eventually. Hence, there is a constant C2 > only depending on 77 
such that Pr(X < A;) < C2Pr(X = k). □ 
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Lemma 16. Let Y denote the number of vertices of degree at most k in ^(n, p), where p < 1. 
Then Var(F) < {EYf{p/{l - p) + 1/EY). 

Proof. Recall that dy has distribution Bin(n — l,p). Let q<{r,t) denote the probability that 
a random variable with distribution Bin(r, p) has value at most t and let q={r,t) denote the 
probability that it has value exactly t. Then 

E{Y^) = Pr{dy < k and c/„ < k) 

= EY + n{n - 1) {p-q<{n-2,k- if + {1 - p) ■ q<{n-2,kf) . 

This holds because for any distinct vertices u, v G V, the number of neighbours of u in 
\ and the number of neighbours ofvmV\{u} are independent random variables with 
distribution Bin(n — 2,p). Clearly, q<{r,t) = q<{r,t — 1) + q={r,t). And so 

p-q<in-2,k-lf + {l-p)- q<{n - 2, kf 
= q<{n-2,k - if + 2(1 - p) ■ q={n - 2, k)q<{n - 2,k - 1) + [1 - p) ■ q={n - 2, kf. (4) 

Moreover 

g<(n - 1, kf = {q<{n - 2, /c - 1) + (1 - p) ■ q={n - 2, k))^ 



Thus, 



E(r2) = EF + n{n - 1) {q<{n - 1, kf + (1 - p)q={n - 2, kf{l - (1 - p)) 
<EY + n'q<{n-l,kf(l + ^-^=E{Yf(l' ^ ' ^ 



1-pJ V 1-P E(F) 



□ 



Next, we introduce two lemmas that estimate S{^{n,p)). These lemmas are used when 
we require more precise probability bounds given by the Chernoff 's bounds in Theorem |9l 
The first lemma estimates this parameter for 0.91ogn/(n — 1) < p < 7logn/(n — 1) where 
7 > 0.9 is a constant. 

Lemma 17. Let 7 > 0.9 and < rj < 1 be constants and let a = a{n) such that < a < 1 —r]. 
Then there exists a constant C > such that, for every 0.9 logn/(n — 1) < p < 'ylogn/ (n — l) , 

(i) Pv(^5 < ap{n — 1) j < C exp ^logn — p{n — 1)(^1 — a log j j ~ ^ ^'^Si^ csnd 

(a) Pr(^6 > ap{n—l)j < C 1" ^^P — 1) ^1 — a log j j ~ \ogn + - log log ri^ ^ 

Proof. Given an arbitrary vertex f , let d^ ~ Bin(?T, — be the degree of v. By Lemma [TH| 
there exists a function C G [Ci, C2], where Ci, C2 are positive constants that depend only on 
a and 7 such that 



Pr((i„ < ap{n — 1)) = C'exp ^ — p{n — 1)^1 — a log (^—j j — -j^^oglogri^ . 



(5) 



Set C to be a constant larger than C2 + 27 + 1/Ci > C" + 27 + 1/C". From ([5]), the expected 
number of vertices with degree at most ap{n — 1) is 



C'exp ^logn — p{n — 1) ^1 — a log j ~ ^ ^°S^°S 



n 



which implies (i), since C > C . Finally, the proof of (ii) follows from Lemma [16] and 
Chebyshev's inequality, since — p) < 27logn/n and C > 27 + 1/C". □ 

The following lemma gives a fairly precise estimate of the probability that (5(^(n,p)) shifts 
slightly from pn/2, when p is very close to /31ogn/(n — 1). It is normally applied by choosing 
e so that epn is negligible comparing to the other terms in ([6]) and ([7]). 

Lemma 18. Let > /3 be a constant. Let p = ^^"^J^'^*-"-' < iM^. Let v be an arbitrary 
vertex and denote by the degree of v. Let e = e{n) be such that |e| < 1. Then there exists 
a positive constant C such that 

Pr(^5 < ^ ^\ nj <exp(^ - ^- ^ log log + C(|e|pn + 1)^ (6) 



and 



Prfdi, < - — ^—^pn) > exp f — logn — ^ log log — C{\e\pn + 1] 



and there is a positive constant D such that 



Pr((5>^^^pn) <D|^l^ + exp(^+| + ^loglogn + C(|e|pn + l)^y (7) 

Proof. Given an arbitrary vertex f , let d^ ~ Bin(?7, — l,p) be the degree of v. By Lemma [T5| 
there exists a positive constant Ci such that 

I , ^ '^-^) \ ^ ( f , / 2e \ 1, , 
I S — ;:; — pn ) < Ci | exp \—pnA ^ — pn log I ) ~ 2 



< exp {^-pn{l - ^log(2e)j + C2{\e\pn) - ^loglogra^, 



since p < j\ogn/{n — 1) and for a positive constant C2. Using /3^1 — '°s(2e) ^ _ union 
bound, we have that 

f-f 1 

Pr(5 < a{l — e)pn) < exp I — log logn + C^{pn\e\ + 1, 

\ p 2 

for another positive constant C3. Thus, we proved ([6]) (by choosing C > C3). Now we 
prove ([7]). Using Lemma [T5] again and using similar calculation as before, for a positive 
constant C4, 

Pr^du < ^ pri^ > exp ^ — logn ~ ^ ~ 2 ^^Slog'^ ~ Ci{pn\e\ + 1] 

and (171) follows from the above together with Lemma [I6] and Chebyshev's inequality (by 
choosing D = 2'y and C > C4). □ 
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Lemma 19. Let 7 > 1 6e a constant. There exist positive constants e and C such that, for 
P > 7logn/(n — 1), we have that 6 > epn with probability at least 1 — e~'^^"^"'. 

Proof. By Lemma [T2] (ii), there is a p > 1 such that with probabihty at least 1 — e~'°^", for 
all p > p\ogn/{n — 1), 5 > {l/2)pn. Thus, for 7 > p, the lemma follows immediately by 
choosing any e < 1/2 and any C < 1. 

So suppose 1 < 7 < p. By Lemma [ITJ there is a positive constant C so that 

Pr(5 < epn) < exp ^ — 7 log n ^1 — e log (^~) ) + ^^S + '^'^ • 

Since 7 > 1, we can choose < e < 1/2 small enough so that 7(1 — elog(|)) > 1. Then there 
is C" > such that the above probability is at most 6""^"^°^". The lemma follows by choosing 
C = min{l,C"}. □ 

Lemma 20. For any constants 1 < 71 < 72 and ri{n) = o(l), there exist e(n) = o(l) and a 
constant C > such that for any functions 71 log n/{n — 1) < p < p' < '~f2 log n/{n — 1) such 
that \p/p' — 1| < ?7 the following holds with probability at least 1 — e"^^"^^: 



S{^{n,p) 



6{^{n,p')) 



< e. 



Proof. Apply Lemma [19] with 7 = 71 and let e' be the positive constant e given by Lemma [T9l 
Then, for 7 := e'71 

Pr{5{^{n,p') > 7logn) > 1 - e-^i°e'^, 

for a positive constant A. Let 6 = '-ye. Using the usual coupling for W{n,p)) and W{n,p'), we 
get that the number d'^ of edges incident to a vertex v present in '^^{n,p') and not in ^{n,p) 
is dominated by Bin(n, q) where q = {p' — p)/{^ — p)- Let ( be such that (1 + Qqn = 9 log n. 
By Chernoff's bound and union bound, there is a vertex v with d'^ > Ologn is at most 

nPr« > 6'logn) < nexp (gn(C - (1 + C) log(l + C))) 

= n exp (^6 log n — qn — 9 log n log ^ ^) ) 

< exp ^logn + 6'logn — ^lognlog {o/rj^^, 

so we can choose e = 6^/7 as ^i^^^ij^-^ which goes to since 77 goes to 0. Then 9log{9/rj) = 
6 log 6 + 6'log(l/?7) > 2 + 6 eventually and so with probability at least 1 — exp(— log?7,) — 
exp(— yllogn), 

S{^{n,p')) - 6{^{n,p)) < eiogn < e7logn < e6{^{n,p')). 

□ 

Lemma 21. For any constant e > 0, there exist constants 71 > 1 and C > such that, for 
any < p < we have that with probability at least 1 - e'^^^s", 6{^{n,p)) < 

ed{^{n,p)). 
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Proof. We may assume e < 1. Let a = O.8/71. We have that 

Pr (d > eltj <Pr(d<0.8 log n}j +Pr(^6> eO.8 log n 
By Lemma Uni for any p > 0.91ogn/(n — 1), for a positive constant A, 

Pr(d < 0.8 log < 2exp{-Apn^). (8) 
Let p = 7i logn/{n — 1). By Lemma [T7t in '^^{n,p), 
Pr (^6 > eO.8 log < Pr(^6 > eap{n - 1) j 

< C ^log n/n + exp ^71 log n(^l — ea log (^—^ j ~ log + 2 n + D 

For any e G (0, 1), we have that (l — elog(^)) < 1. So by choosing 71 > 1 small enough we 
have that B := 71(1 — ealog(^)) < 1 and the above probability is at most 



C" ^ogn/n + exp ^ — (1 — 5) log n + D + - log log 1 



(9) 



By choosing C sufficiently small, the probabilities in (|8]) and in (Q are both smaller than 
(l/2)e~*"'°^". By monotonicity, for all p < •yilogn/ {n — 1), Pr{6{^{n,p))) > e0.81ogn is at 
most the probability in ([9]). Thus, with probability at least 1 — e~'^'°s", for all 0.91ogn/(n — 
1) < P < 7ilogn/(n — 1), we have 6{W{n,p)) < ed{W{n,p)). □ 

For e > 0, we say that a vertex is e-light if its degree is at most S + ed. 

Lemma 22. Suppose 0.9 logn/{n — l) < p < '-/log n/{n — 1) for some constant ^ > 0.9. Then 
there exist constants e > and C > such that the following holds in ^{n,p) with probability 
at least 1 — e"*^^"^". There is no pair of adjacent e-light vertices and no two e-light vertices 
have a common neighbour. 

Proof. Let x = p{n — 1)/ logn. For each x G [0.9, 7], define a = a{x) to be the only solution 
in (0, 1) of 

x(l -alog(e/a)) = 0.8. (10) 

It is straightforward to verify that a G (0, 1) is well defined and strictly increasing with respect 
to X G [0.9,7]. Consider the constant e = 0.1/(7 — 0.8), and define d = (1 + e)a. Recall 
that both a and a are functions of x = p{n — l)/logn. Then, using (fTO|) and the fact that 
e < 0.1/(x — 0.8), we obtain 

x(l - dlog(e/d)) > x(l - alog(e/a)) =x - (1 + e)(x - 0.8) > 0.7. (11) 

From (fTOj) and by Lemma [T7I (ii), we can bound 

Pr{6 > ap{n - 1)) < £)e"°-i^'°s", (12) 
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for a constant D > not depending on p. Assume for the rest of the argument that D is 
sufficiently large. Let S be the set of vertices of degree at most ap{n — 1). By in the proof 
of Lemma [T71 and fill I) , the probability that a vertex v belongs to S is 

Pr{v eS) = Pr(4 < ap{n - 1)) < De-°-^'°s". (13) 

We can upper-bound the probability that a pair of vertices u and v are adjacent and belong 
to S, by 

pPr{du < ap{n — l))Y*v{dv < ap{n — 1)) = p{Py{v G S)) . 

Multiplying this by the number of possible pairs and using ( fT3l) . we get that the probability 
that S contains some adjacent pair of vertices is at most 



^p(Pr(t; eS)y < D-flogne-^- 



4 log n 



By a similar argument, the probability that S contains a pair of vertices with a common 
neighbour is at most 



Finally, we define e = a(0.9)e/2. Recall that a is increasing in [0.9,7], ^ind then e < ae/2. 
It follows from Lemma [TO] that d = d{^{n,p)) is at most 2p{n — 1) with probability at least 
1 — De~^°^", assuming that D is large enough. If this event and the one in f|T2|) hold together, 
then 

6 + ed < {a + 2e)p{n - 1) < ap{n - 1), 

and therefore all e-light vertices are contained in S. Putting everything together, the statement 
holds with probability at least 1 — e~'-^^°s", for some small enough constant C > 0. □ 

The following lemma, which will be used in the proofs in Section [6l follows with almost 
exactly the same proof as the previous one. For coupling two random graphs Gi C G2 such 
that Gi ~ ^{n,pi), G2 ~ ^{n,p2) for pi < p2, we refer readers to [T6] . 

Lemma 23. Suppose 0.9 logn/{n — 1) < p < < 7 logn/(n — 1) for some constant 7 > 0.9. 
Let Gi C G2 where Gi ~ '^{n^p) and G2 ~ '^{n^p'\ Then there exist constants e > and 
C > such that the following holds in '^{n,p) and'^{n,p') with probability at least 1— e~*"^°^"'. 
Let S be the set of e-light vertices in Gi. Then in G2, there is no internal edges inside S and 
no two vertices in S adjacent to a common vertex. 

For any S* C [n], let S denote [n] \ S. 

Lemma 24. Let 7 > 1 be a fixed constant. There exists a constant G > such that for any 
p = p{n) > 7 log n/(n — 1), the following holds inW{n,p) with probability at least 1 — e~'"^°^"' . 
For every S C [n] with 2<\S\<n-2, \E{S,S)\ > 1.56. 

Proof. Without loss of generality, we may assume that l^l < \S\. Since p > 7logn/(n — 1) for 
some 7 > 1, by Lemma fT9l there exist constants e > and Ci > such that with probability 
at least 1 — e~'"^^°^"', 6 = 6{^{n,p)) > epn. Let a = e/8. Then by Lemma [T4l there exist 



13 



constants C > C2 > such that with probabihty at least 1 — e '^2i°s"^^ for all sets S with 
size at most (n, \E{S, S)\ < apn\S\. Then, with probability at least 1 — e~'^i'°s" — g-Cziogn^ 
for all these S, 1^(^,5^)1 > 6\S\-2apn\S\ > (3/4)5|^| > 1.55, as |^| > 2. Now by Lemmas OS] 
andHni there exists another constant C3 > such that with probability at least 1 — e~'-^3iogn^ 
for all sets S with size at least (n, \E{S, S)\ > {d/4:)('^n, where d = d{W{n,p)) ~ np. Clearly, 
((i/4)C^n > 1.55 with probability at least 1 — e~*-^-*'°s" for some C4 > 0. The lemma follows 
by choosing C < minjCj : 1 < < 4}. 

□ 

Lemma 25. Suppose that p < 7logn/(n — 1) for some constant 7 > 0. Then there exist 
positive constants C and K such that with probability at least 1 — e~*"^°^", the maximum degree 
of^{n,p) is at most Klogn. 

Proof. Let A denote the maximum degree in G and dy denote the degree of w in G for any 
vertex v. By union bound and Chernoff's bound, for any > 0, 

/ (J^ log Ti — pn^f^ 

Pr(A > f^logn) < nPv{dv > Klogn) < exp I logra 



pn 

since pn < •j log n it suffices to it suffices to choose a large enough so that {K — 7)^/7 — 1 > 0. 

□ 



4 Proof of Theorem [T] 

We ffist give two deterministic lemmas: 

Lemma 26. Let G = Gn be a graph on vertex set [n]. Let S := S{G) and let d := d{G). 
Suppose that d ^ 00 with n 00 and that there exist constants e,(,V > such that the 
following hold, for all sufficiently large n. 

(a) The minimum degree 5 is at most (e/4)(i; there is no pair of adjacent e-light vertices; 
and all vertices of G have at most one e-light neighbour. 

(b) All sets of size s < (n contain at most {e/4)ds internal edges. 

(c) For all disjoint S, S' C [n] with \S\ > \S'\ > (n, we have that \E{S, S') \ > rjdn. 
Then eventually T{G) = 6. 

Proof. We will show that every partition of the vertices of G satisfies ([2]) with t = 5, and thus 
G has 6 edge-disjoint spanning trees by Theorem [3 

Let P be a partition of V{G). Parts of size one are denoted singletons, and singletons 
consisting of one e-light vertex are called e-light singletons. We may assume that 

every part with size at least 2 has one vertex that is not e-light. (14) 

This is because, given a part of size at least 2 and with only e-light vertices, we can refine 
the partition by turning each vertex in this part into a singleton, and this increases the number 
of parts without increasing the number of edges with ends in distinct parts by Condition (a). 
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Let ICi denote the set of e-light singletons, let /C2 denote the set of parts of size between 
2 and C,n together with the singletons that are not e-light, and let /C3 denote the set of other 
parts. For i = 1,2, 3, let fc, = |/Cj|. Then, \V\ = /ci + ^2 + ^3. 

By Condition (a), no e-light vertices are adjacent. Thus, the number of edges incident 
with a vertex in JCi is at least 6ki. Suppose /C2 is non-empty and suppose S' is a part in IC2, 
and let r be the number of vertices in S that are not e-light. By the assumption in f|T^ and 
the definition of /C2, we must have 1 < r < (n. The number of edges between these r vertices 
is at most (e/4)(ir by Condition (b). Since these vertices are not e-light, each of them has 
degree at least S + ed. By Condition (a), each of these vertices is adjacent to at most one 
e-light vertex. Thus, 

\E{S, 5 \ /Ci) I > r{5 + ed - 1) - 2(e/4)rfr >5 + (e/4)d, 

where the term —1 in the first inequality accounts for a possible e-light neighbour of each 
one of these r vertices and we use the fact that d — 00. Thus, the number of edges in the 
partition V is at least 

m{V) > 5h + ttS^^k2 > S{h + h), (15) 

as 5 < (e/4)(i by Condition (a). If < 1, this already shows that m(V) > S{\V\ — 1). 
Otherwise, we have 2 < < and the number of edges between any two parts of /C3 is 
at least rjdn by Condition (c). We can add these additional edges to ( fT5l) and obtain 

m{V) > 6{ki + k2) + Tidn > 6{ki + k2) + {e/4)dk3 > 6\V\, (16) 

since eventually rjn > {e/4)/( > (e/4)/c3, and 6 < {e/A)d. □ 

Lemma 27. Let G = Gn be a graph on [n]. Let 6 := S{G) and d := d{G), and suppose that 
6 = Q{d) and d = uj{1) as n 00. Let t = mm{S, d/2} . Suppose moreover that there exist 
constants e,ri,( > such that the following hold, for sufficiently large n. 

(a') Either we have that 5 > or there are no adjacent e-light vertices and each vertex 

of G is adjacent to at most one e-light vertex. 

(b') For all S C V{G), with \S\ > (n, we have that d{S) > d{l — o(l)), where d{S) denotes 
the sum of degrees of vertices in S divided by \S\. 

(c') For all disjoint S,S' C V{G) with \S\ > \S'\ > (n, we have that \E{S,S')\ > 7]d\S\\Syn. 

(d') For alldlCS C V{G), we have that \E{S,S)\ > t. 

(e') All sets of size s < (n contain at most min{ets, i:s/4} internal edges. 

Then eventually T{G) = t. 

Proof. We will show that every partition of the vertices of G satisfies ([2]), and thus G has t 
edge-disjoint spanning trees by Theorem [71 

We say that a set S* C is large if \S\ > (n. We say that a partition of V is simple if 
each class either is large or a singleton (that is, it consists of a single vertex). Recall that 
m{V) denotes the number of edges with ends in distinct parts of V. 
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Claim 1. If P is a simple partition, then m(V) > t{\V\ — 1). 

Assume Claim [1] holds, and suppose for a contradiction that there is a partition V of V 
such that m{V) < t{\V\ — 1). By Claim [H V is not a simple partition. Given a set 5* and a 
vertex v & S, let ds{v) denote the number of neighbours of v inside 5*. Since V is not simple, 
we can find a non-large part S oiV with at least 2 vertices. By Condition (e'), S must contain 
one vertex w with 

, , , 2|E[5]| 2t\S\ 

Moreover, condition (d') implies that 

m(P)>(t/2)(|P|-l). (18) 

Let V' be obtained from V by turning w into a singleton. We have = + 1 and 
m{V') = m{V) + dsiw). Combining this facts together with (fT7|l and (fTSjl . we obtain 

m(P') _ m(P) + rf5(tf;) m(P) + t/2 rn(V) + ^ _ m(P) 

— I^tTi — I^TTl "l^TTl 7" \ ^) 



\V'\ - 1 \V\ ~ \'P\ ~ \v\ \v\ 

Repeat this procedure of turning vertices into singletons until no parts of size between 2 and 
C,n remain, and therefore obtain a simple partition V" . Since (fT9l) holds in each iteration, we 
have 

m{V") ^ m{V) 
\V"\ - 1 ~ \V\ - 1 ^ ' 

which contradicts Claim [H 

To complete the argument, we proceed to prove _Claim [H Let "P be a simple partition. If 
all parts of V are singletons, then we have m{V) = |(n — 1) = |(|P| — 1). Suppose otherwise 
there is at least one large part. Since V is simple, each large part has at least (n vertices 
and so there are at most £:=!/( = 0(1) large partitions. Let k be the number of singletons 
in V. Note that k < {1 — ()n since any large part has at least (n vertices. 

Suppose first that C'^ < ^ < (1 ~ C)'^- Then the average degree of the singletons is at 
least d{l — o(l)) by Condition (b'). Since there is at least one large part, the number of edges 
between the k singletons and this large parts is at least rj^dk by Condition (c'). Hence, m{V) 
is at least the number of edges incident with a singleton, which is at least 

2 k ~\~ £ 1 

this satisfies Equation with d/2 > t for large enough n, since k > C,n and i = 0(1). 



Suppose otherwise that < k < (n. By Condition (a'), we have that either S > 



2 ' 



there are no adjacent e-light vertices and each vertex is adjacent to at most one e-light vertex. 
The number of edges between singletons is at most etk by Condition (e'). In the first case 

where 5 > the total number of edges incident to the singletons is at least 

^^^^^^ k - etk > (1 + e)tk - etk > tk. (20) 



Now we consider the second case. Recall that a vertex is e-light if it has degree at most 
S + ed. Suppose that there are no adjacent e-light vertices and each vertex is adjacent to at 
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most one e-light vertex. Let Ki denote the set of singletons that are e-hght and K2 the set 
of other singletons (singletons that are not e-light). Let ki = \Ki\ for i = 1, 2, so = fci + 
(possibly ki,k2 = 0). Since there are no adjacent e-light vertices, \E{Ki, Ki)\ > 6ki. Since 
no two e-light vertices have a common neighbour, we have d[n]\Ki{v) > 6 + ed — 1, for every 
V G K2- Moreover, Condition (e') guarantees that there are at most etk2 < edk2/2 edges 
inside K2, and therefore \E{K2, K2 \ Ki)\ > {6 + ed — l)k2 — edk2/2. Thus, the total number 
of edges incident with singletons is at least 

5ki + {5 + ed- l)k2 - edk2/2 > Sk > tk, (21) 

eventually as d = u{l) by our assumption. Thus, we have proved that in both cases, the 
number of edges incident with singletons is at least tk. If the number of large parts is exactly 
1, then holds as \V\ = k + 1 and m{V) > tk by 1^ and Otherwise, if there are 

at least two large parts, the number of edges between any two of them is at least rjC'^dn by 
Condition (c'). Thus, for large enough n, 

m{V) >tk + r]Cdn >t(k + > t{k + i - 1), 



since t < d/2 and i = 0(1). □ 



We proceed to prove Theorem [T], as a consequence of Lemmas [26] and |271 For the rest of 
the argument, let 6 := 6{W{n,p)) and let d := d{'^^{n,p)). We split the argument into cases 
depending on the range of p. 

First observe that by Lemma [T2] (i) we can assume that p > 0.91ogn/(n — 1), since for 
p < 0.9 log n/(n — 1) ^{n,p) is a.a.s. disconnected and the minimum degree is zero, the 
statement of Theorem [1] holds trivially. 

Let 72 be a large enough constant so that for p > 72 log n/{n — 1) we have S > a.a.s. 
(see Lemma [12] (ii) and Lemma [TU|) . Let e < 3/4 be the constant given by Lemma [22] with 
7 = 72. Let 1 < 7i < 72 be the constant given by Lemma f2T\ with e/4. 

For 0.9 log 72/(77, — 1) < p < 7ilog?7./(n — 1), we only need to show that '^^{n,p) a.a.s. 
satisfies the hypothesis of Lemma [26] First, we note from Lemma [10] that d ~ pri — )■ 00. 
Condition (a) holds by our choice of 71. Condition (b) follows from Lemma UM with any 
a < e/4, since d ~ pn. Condition (c) is a consequence from Lemma [T3] replacing 77 by t^/C^- 

Finally, we show that '^^{n,p) a.a.s. satisfies the conditions in Lemma [27] for the range 
p > 7ilog?7/(n — 1). First note that S = Q{d) by Lemma [19] Condition (a') is satisfied for 

p > ^2logn/{n — 1) since 6 > ilisl^^ a.a.s. and for 7ilogn/(r2 — 1) < p < 72logra/(ra — 1) 
since no e-light vertices are adjacent nor have a common neighbours a.a.s. by our choice of 72. 
Condition (b') holds a.a.s. by Lemma [TT] Condition (c') holds a.a.s. by Lemma [T3] Condition 
(d') holds a.a.s. by Lemma [Ml For condition (e'), note that et/d is bounded away from 
since S = Q{d). Therefore the condition follows from Lemma [M] with a = et/d. 



5 Proof of Theorem 2 



Let Un be a positive- valued function of n that goes to infinity arbitrarily slowly as n — )■ oo. Let 
p = i^iHIILtlW^ and assume /(n) > — /31oglogn/2-|-a;„. The number of edges in G ~ ^{n,p) is 
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a binomial random variable distributed as Bin{(^^,p). If p < 0.91ogn/n, then by Lemma [T2] 
(i), a.a.s. S{G) = and thus a.a.s. S{G) < d{G). Assuming p > 0.91ogn/n. By Chebyshev's 
inequality, a.a.s. \m{G) — pn{n — 1)/2| < Uny/pn, s. \d/2 — pn/2\ < oJn^i where 

d = d{G). By Lemma [T2] (ii), there is a constant 7 > 0, such that for all p > '-flogn/n, 
a.a.s. S{G) > (3/4)pn. Hence, for p in this range, a.a.s. S{G) > d. Now we only consider 
0.91ogn/n < p < 7 logn/n. 

Let e = Un/y/pn. Note that /3(1 — (1/2) log(2e)) = 1. By Lemma [TS| we have that 

Pr(s < ^{l + e)pr?j = O^exp " | " ^ log log n + O(pne)^ j = o(l), (22) 

as > loglog?T,/2 + Wn, wheras epn = uJn^fp = o(l). Moreover, Pv{d/2 > (1 + e)pn/2) = 
0(1). Thus, a.a.s. 6 > d/2 and so T{G) = 6 hj Theorem [TJ On the other hand, if f{n) < 
—(3 loglogn/2 — Un, then —f I P — \ log log n = + epn) and thus by Lemma [T8l 

Pr (5 > ^(1 - e)pn') = O + exp + | + ^ loglogn/2 + 0(1)^ j = o(l). (23) 

Moreover, Pr(rf/2 < (1 - e)pn/2) = o(l). Thus, a.a.s. 5 < d/2 and thus T{G) = d{G) by 
Theorem [H 



6 Proof of Theorem 3 



A standard tool to investigate the random graph process Gq, . . . , Gm, • • • , G^n^ is the related 

continuous random graph process (^p)pg[o,i] defined as follows. For each edge e of the complete 
graph with vertex set [n], we associate a random variable Pe uniformly distributed in [0, 1] and 
independent from all others. Then, for any p G [0, 1], we define to be the graph with vertex 
set [n] and precisely those edges e such that p > P^. Note that for each p, is distributed as 
^(n,p). This provides us with a useful way of coupling together '^{n,p) for several values of p, 
since p < p' implies C '^p,. Moreover, let p{m) = min{p G [0, 1] : ^p has at least m edges}. 
Then, 5fp(o), . . . , ^(m), • • • , '^p((")) distributed as Gq, . . . , Gm, • • • , G^ny since all Pe are differ- 
ent with probability 1. For more details on the connection between (^p)pe[o.i] and (G'm)o<m<(") 
and further properties, we refer the reader to [T6] . 

In this article, we prove several statements that hold a.a.s. simultaneously for all m in 
the random graph process (G^m)o<m<(")- To do so, it is often convenient to use small bits of 
the continuous random graph process as follows. Given po and pi as functions of n such that 
< Po < Pi < 1, we consider {^p)pt^<p<pj^. Let mo = m(^pQ) and nii = m(5fpj. (Note that 
rriQ and mi are random variables with tuq < mi, since ^p^ C ^J. We colour all edges of 
%o — ^rriQ red and the remaining mi — mo edges in ^p^ \ ^p^ blue. Then we can interpret 
Gmo: G'mo+ii • • • ) G^mi as a raudom graph process in which we sequentially add blue edges to 
Gmo , so that each Gm has the mo red edges of Gmo together with the first m — mo blue edges 
we add in the process. This interpretation will be used many times throughout the argument. 

We first prove part (ii). Instead we will prove the following stronger result. 
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Theorem 28. Consider the random graph process (%)o<p<i- We have that a.a.s. 

(l) For all p < mogn-loglogn/2)^u.(l) ^ ^^^^ ^^^^^ ^ d{%)/2; 
(ii) For all p > /^a°g"-i°gJ°g"/2)+^(i) ^ /^^^g > d{%)/2; 

(Hi) For every constant < ^ < 1 there is a constant p > such that a.a.s. S{^p) > ^^y^p; 
for all p log n/{n — 1) < p < 1. 

Proof of Theoremm (n)- Let pi = (^-^/^2)^^ogn _ ii+e/2)jnogn ^ For i = 1,2, the 

number of edges in W{n,pi) is distributed as Bin{(/^) , pi) . By Chernoff's bound in Theo- 
rem ini we immediately have that a.a.s. m > (2)^1 + 0(71) > (1 - e)/3nlogn/2, 
and m{^{n,p2)) < (2)^2 + 0{n) < (1 + e)/3nlogn/2. Hence, a.a.s. p{i) < pi and p{j) > p2 
for i = {1 — e)/3nlogn/2 and j = (1 + e)/3nlogn/2. Then Theorem [3] (ii) foUows from 
Theorem [2H1 □ 



Proof of Theorem\2^ First, we prove statement (iii). We will prove that for every < < 1, 
there exists p > 0, such that a.a.s. 

6{Gm) > Od{Gm), for all m > rriQ = (p/4)nlogn. (24) 

Then let po = p\ogn/{n — 1). By Chernoff's bound in Theorem [9l a.a.s. m(W{n,po)) > mo, 
i.e. a.a.s. pimo) < po. It follows then that a.a.s. S{Wp) > 6d{^p) for all p > Pq. Now we 
prove (j24l) . For each m, let p = m/ (2). Then 



Pr(^(5(G„) < e ■ 2m/{n - 1)) = Pr(^(5(^(n,p)) < Opn \ m{^{n,p)) 



m 



By the choice of p, h{i) = Pr(m(^(n,p)) = i) is maximized at i = m. Hence, Pr[m{W{n,p)) 
m) > n~^. Thus, 



Pri6{^{n,p))<epn. 

Pr(S{Gm) < e ■ 2m/{n - 1) < ^\ f < n^Pr < epn). 

V / t*r{m{'&[n,p)) = m) \ / 

By Lemma WI\ (ii), for every < 6' < 1, we can choose p > sufficiently large such that the 
above is less than 1/n^ for every m > (p/4)nlogn (correspondingly p > (p/2) logn/(n — 1)). 
Hence, with probability at least 1 — n~^, claim flMj) is true. 

Next we prove statements (i) and (ii). Let / = o(logn) be any function that goes to 00 as 
— 7- 00. Let Pi = (/3(log?7, — log log 72/2) — /^ — i/)/(n — l) and let = (/3(logn — loglogr^/2) + 
/^+^/)/(r^— 1), for alH > 1. Let T be the maximum integer such that pt > logn/2(n — 1) and 
redefine px = logn/2{n — l). Let p be the constant satisfying statement (iii) with 6 = 3/4. Let 
T' be the maximum integer such that qt' < plogn/ (n — 1) and redefine qx' = p log n/{n — 1). 
Obviously, T,T' = O(logn). 

Claim 2. There exists a positive constant G, such that, for every 1 < i < T, 

Pr((5(^,J > d{%^^,)/2) < C(/-^ + logn/n), 
and for very 1 < i < T' , 



Pr 



{si%J<d{%^^J/2)<G{f-^ + n-'). 
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By Lemma[Tl(i), a.a.s. for allp < pr = logn/2(n-l), S{%) = and thus S{%) < d{%)/2 
holds. By Claim [21 with probability at least 

1- E Cir + \ogn/n) = 1-0(1), 

l<i<T 

for all 1 < i < T and for all p^+i < p < Pi, 

< < d{%^^,)/2 < di%)/2. 



Thus, a.a.s. < d{^.p)/2 for all p < — °n°i ' '^^ \ since / is an arbitrary function 



/9(log n— log log n/2)—uj{l) 

in Uj{l). 

By (iii) (with 9 = 3/4), we only need to prove that a.a.s. > d{'^p)/2 for all p > 

^(iogn-iog^iogn/2)+a;(i) p < Qt' = p\ogn/{n — 1). Similar to the previous argument, with 
probability at least 

i-Y.c{r + n^') = ^-o{i), 

i>l 

for all 1 < 2 < T' and for every p with Qi < p < Qi+i, 

S{%) > > di%,,J/2 > d{%)/2. 

Thus, a.a.s. > d{%)/2 for all p > /^(i°s"-i°sJ°s"/2)+^(i) ^ □ 

Proof of Claim In this proof the asymptotic statements are uniform for all Pi. By Lemma [TOl 
for a = ^^^^ ^ ^ 1/^2, 

Pr(|ci(^p.) — Piu] > apiu) = exp(— Aa^n^pj) < n~^. 

Hence, by Lemma [18] with e = — 0(//log?7,) and the function / in the Lemma [18] as 
— /Slog log n/2 — f"^ — if and noting that epn = 0{f), for every 1 < i < T, 

Pr(^6{%J > < Pr(6{%J > Pi+in/2 - api+m^ + Pr(d{%^^,) < p^+in/2 - api+m 

= O (^-^ + exp (^ ~^'~ + 0(/)^^ =0(/- + logn/n). 

Similarly, for every 1 < i < T', by Lemma [T8]with e = — 0(// logn) and f{n) = — /3 loglogn/2+ 
+ if and noting that epn = 0{f), 

Pr(s{%^) < < Pr[6{%J < g,+in/2 + aq,+^n) + Pr(d{%^^J > q,+^n/2 + aq,+^n) 

= O (^exp (^ '^''~ + 0(/)^^ = 0(/- + 1/n). 

□ 

We now proceed to prove statement (i) of Theorem [3] For any graph G, define t{G) = 
m.m{6{G),d{G)/2}. First, define po = 0.91ogn/(ra — 1), pi = 71 log?7,/(?7, — 1) and p2 = 
72 log n/ (n — 1), for some constants 1 < 71 < 72 that we specify later. We prove the statement 
separately for {%)po<p<pi, {%)pi<p<p2 and {%)p2<p<i. For (%)o<p<po it is trivially true since 
a.a.s. (5(^p) = for all < p < po by Lemma [T2] (i). 
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Part 1 {pq < p < Pi): Let e > be a constant chosen to satisfy Lemma [22] for 7 = 1.1. 
Pick a sufficiently small constant 1 < 71 < 1.1 and recall po = 0.91ogra/(n — 1) and pi = 
7ilogn/(n — 1). From Lemma [TIJ| a.a.s. 

di%,) < m)di%,)- (25) 
Moreover, in view of Lemma [T^ (ii), we assume that 71 is small enough so that a.a.s. 

< ie/lQ)di%J < {e/l2)d{%,). (26) 

Colour edges in so that all edges in are coloured red and all edges in $fpj \ ^fp^ are 
coloured blue, as described in the beginning of the section. For each vertex v G 5^p^, the red 
(blue) degree of v is the number of red (blue) edges incident with v. Let 5* be the set of e-light 
vertices of Since 5{^p^^) = a.a.s., the e-light vertices are a.a.s. precisely those vertices 
with degree at most edi^p^) in ^p^. By the choice of e and Lemma [221 a.a.s. the vertices in S 
have no internal edges and no common neighbours in ^p^. By Lemma [251 a.a.s. this remains 
true for S in the whole process (%)po<p<pi blue edges are added. 

For each po < p < pi, let Sp be the set of (lle/16)-light vertices of (i.e. vertices of 
degree at most S{^p) + {ll/16)ed{Wp) in ^p). Note that a.a.s. S contains Sp for all p in this 
range, since for any v G Sp, its degree in ^p^ (i.e. the red degree of v in ^p) is at most 

S{%) + {ll/16)ed{%) < 6{%J + (ll/16)ed(%J < {e/12)d{%,) + {ll/12)ed{%,) = ed{%,), 

where we used ( [251) and ( l26l) . 

We just showed that a.a.s. in (5^p)po<p<pi the set of (lle/16)-light vertices of ^p have no 
internal edges and no common neighbours. Moreover, from (126|) and by monotonicity of S{^p) 
and (i(^p) with respect to p, we have that a.a.s. 

< 6i%,) < ie/12)d{%,) < {e/12)d{%) 

in the whole process (5^p)po<p<pi- Putting all that together, we have that a.a.s. conditions of 
Lemma [261 are satisfied in i^p)po<p<pi (replacing e by (ll/16)e), and therefore a.a.s. T{^p) = 
S{^p) simultaneously for all p in this range. 

Part 2 (pi < p < P2): Recall that pi = 7ilogn/(r;, — 1) and p2 = 72logn/(n — 1), where 
7i is as in Part 1, and 72 > 71 is a sufficiently large constant. In view of Theorem [28] (iii), 
we assume that 72 is large enough so that a.a.s. S{Wp) > (3/4)(i(?fp) in the whole process 

Define = (1 + 1/ logn)*pi for each i = 0, 1, 2, . . ., and let T be the smallest integer such 
that qr > P2- Redefine qr = P2- We have T < 21og(72/7i) logn = O(logn), since eventually 

(1 + l/logn)2^°^(^^/^i)'°s" > 72/71. 

To prove the statement for {'^p)pi<p<p2, it suffices to see that for every 0<i<T— 1, we have 
T{%) = t{%) throughout the process (^)qi<p<(?i+i with probability at least 1 — 1/log^n, and 
then simply take a union bound over all i. 

Let e be as in Lemma [22] (putting 7 = 272), and fixO<?<T — 1. We verify that 
with probability at least 1 — 1/log^n all conditions (a')-(e') of Lemma [27] are satisfied in 
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(=^p)qi<p<g,+i- We colour as before the edges of red, and the additional edges in ^f^.^-^ \ 
blue. 

Let S be the set of vertices that are e-light in (they have red degree at most + 
ed{WqJ). For each qi < p < Qi+i, define Sp to be the set of vertices that are e/2-light in Wp. 
From Lemma [TO] and Lemma [20] we have that with probability at least 1 — 6"*^'°^", 

di%J ~ d{%^^J and 6{%^) ~ 5i%^^J. (27) 

These equations imply that S ^ Sp for all p in our range, since the red degree of any vertex 
in Sp is at most 

6{%) + {e/2)di%) < 6{%^^,) + ie/2)d{%^J ~ 6{%J + {e/2)d{%J < 6{%^) + ed{%). 

By Lemma [23] with probability at least 1 — e~'-^'°s" the vertices in S do not get common 
neighbours or internal edges as the blue edges are added in {^p)qi<p<q^j^^. This implies con- 
dition (a') replacing e by e/2. Condition (b') holds with probability at least 1 — e"'-^*^'"^"''^''^ 
by Lemma [TT] for ^q. and thus also for all p G [g^, qi+i] due to ([27|) . The same holds for Con- 
dition (c') with Lemma [13] with probability at least 1 — e~'^'°s"-. By Lemma [T9l there exists 
cr > such that uniformly, for all p G [^1,^2], "we have that 5(5^p) > upn with probability at 
least 1 — 6*-^'°^"-, which implies that t(?^p) > a'pn for a positive constant a' for all p G [pi,P2]- 
Then condition (e') holds with probability at least 1 — e~'-^'°s" for all ^^q^^^ by Lemma [H] and 
so for all p G due to f l27|l . Condition (d') holds with by Lemma [2^ with probability 

\ _ g-Clogn 

Taking the union bound for all < i < T — 1, we have that a.a.s. T{^p) = t{^p) throughout 
the process i^p)pi<p<p2 by Lemma [27] 

Part 3 {p2 < p < 1): Let 72 be as in Part 2, and p2 = 72 log n/(n — 1). Recall from the 
definition of 72 that a.a.s. S{Wp) > {?>/A)d{^p) in the whole process {'^p)p2<p<i, and therefore 
Condition (a') in Lemma [27] holds. Define = (1 + l/logn)*p2 for each i = 0,1,2,..., and 
let T be the smallest integer such that qt > 1. Redefine qt = 1. Observe that T < 31og^n, 
since eventually (1 + l/logn)^^°^ > n^'^. The same argument as in Part 2 shows that for 
every < i < T — 1, Conditions (b')-(e') in Lemma [27] are satisfied throughout the process 
{'^p)qi<p<qi+i with probability at least 1 — 1/log'^n. Taking the union bound over all i, we 
conclude that a.a.s. all condition in Lemma [27] hold and therefore T(^p) = d{Wp)/2, during 
the whole process (%)p2<p<i- 



7 Proof of Theorem 5 



We first prove statement (b). In view of Theorem[31 we assume that T{Gm) = min{(5(Gm); L^/ (^" 
1)J} for all m = 0, 1, . . . , Q). Then we pick any m such that 5{Gm) > d{Gm)/2 = m/{n— 1). 
If n — 1 divides m, then T{Gm) = Tn/{n — 1) and thus A{Gm) = Tn/{n — 1). If n — 1 does 
not divide m, let m' be the smallest integer m' > m divisible hj n — 1. Since, the minimum 
degree is always an integer, we have S{Gm) > \m/{n — 1)] = m' /{n — 1). Moreover, Gm is 
a spanning subgraph of Gm' and thus 5{Gm') > 5{Gm) > m! /{n — 1). Therefore, from our 
assumption on the random graph process, we have T{Gm') = m' /{n — 1) = \m/{n — 1)], and 
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these I'm/ (n — 1)] edge-disjoint spanning trees cover all edges of Gm, so A{Gm) = (^^^ 1)1 • 
This completes the proof of the statement. 

Next we proceed to prove statement (a). Let / be any function of n such that / — ?■ oo 
arbitrarily slowly and / = o(log?7,). Define pj = {1 + 1/ fY f /n for each j = 0, 1, 2, . . ., and let 
T be the largest integer such that pr < ^ J) w • 

Claim 3. for every < j < T and for every m such that pj < p{m) < Pj+i, the bound 
A{^p{m)) = A{Gm) < [" '^^t^ ] holds in the random graph process {%)pe[pj,pj+i] with probability 
at least 1 — l/{pjn)^. 

Assuming Claim |3l the probability that A{Gm) < [^^^1 ^^i^^ somewhere in the random 
graph process between W{n,po) and '^{ji.pt) is at most 



/ 



^ T-l oo 



1// 



j=0 



3=0 



f 



oil] 



{2i 



Moreover, we have that pt > (-/_°/4"„ eventually (for n > uq depending only on /). Then 
there is a > such that a.a.s. m > (1 + a)l3n\ogn for every m with p{m) > px- Then, by 
Theorem [3] (ii), a.a.s. S{Gm) > d{Gm)/'2 for all m with p(m) > pr- Thus, we only need to 
restrict our discussion to pj with j <T. 

Similarly, let T' be the largest integer such that pt' < ji^^- 

Claim 4. for every < j < T' and for every m such that p{m) G [pj,pj+i], the bound 
A{Gm) > [^^z^^] holds in the random graph process (%)pe[pj,Pj+i] with probability at least 
1 - l/iPjuf 

By the same argument as in f l28p . assuming Claim 2, the probability that A{G^) > \^^] 
fails somewhere in the random graph process (^p)pe[po,PT'] ^(1)- Moreover, note that 

since pt' > (i4-2°/3)n ' then a.a.s. for every m with p{m) G \pt', 1], we have 2m/n > (f_^3^/'^) by 
Lemma fTOl and therefore eventually (pi < 1/2 for all m in this range. Hence, for all m not 
divisible by — 1, we eventually have 



AiG, 



> 



~ m 




pm+ 1/2] 




"m + 0i" 


n — 1 




n — 1 




n — 1 



Otherwise, for m divisible by — 1, the condition 6{Gm) < d(Gm)/2 = m/{n — 1) implies 
A{Gm) > m/(n — 1), since we cannot have a full factorisation of Gm into m/(n — 1) spanning 
trees, so then 

m 



AiGr. 



> 



n 



pm+ 1/2] 




'm + (pi' 


n — 1 




n — 1 



Putting everything together, we showed that a.a.s. ([T]) holds simultaneously for all Gm in the 
random graph process for p between f /n and 1. Given any mo = uj{n) as in the statement, 
we may simply choose / = mo/n. Then a.a.s. m{^f/n) = m{W{n, f /n)) < (3/4) fn = (3/4)mo, 
and statement (a) holds for the desired range of m. It only remains to prove Claims |3] and HI 



Proof of Claim 0. In this proof the asymptotic statements are uniform for all pj and depend 
only on /. Given any < j < T, we consider the random graph process (%)pe[pj,pj+i]- 
6{^Pj), dj = d{^pj), rrij = m{Wp.), tj = mm{6j,dj/2}. By Lemma [TUl we have 
dj^i ~ npj with probability at least 1 — Ce~^^" for a positive constant C. 



Define 6j 
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Let e > be a sufficiently small constant so that 



e-M-i£_j <e-(i-)//3 and e-M^j > e-^+^/^V/^. (29) 

Colour the edges of G^, = red. Let Gmj+i = ^vi^x ■ Colour edges in Gmj+i \ Gm^ blue. 
For any vertex v G Gmj+i, define the red (blue) degree of v to be the number of red (blue) 
edges that are incident with v. Call a vertex light if its red degree is at most ^i^^dj+i. A 
vertex is called heavy if its red degree is at least {3/A)dj^i. The vertices that are neither light 
nor heavy are called medium vertices. We have that for any constant a > 0, with probability 
1 — e~^j", by Lemma [TO] and Lemma | 



n 



<apj+in'^, A(G„,.^J = O(logn), (30) 



where A(G) denotes the maximum degree of G. By Lemma [T^ i) with k = ^-^^dj+i, the 
expected number of light vertices is at most 




Thus by Markov's inequality and ( l29l) . the number of light vertices is 



n 



i < 7 ^ = on, 31 

ctj+iexp — J 

with probability at least 1 — e"^^^", for a positive constant D. Similarly, by Lemma [TST i) 
with k = with probability 1 — e~^^^" for a positive constant D, the number of heavy 

vertices is 

h = n-o{n). (32) 

For the following construction, assume ( l30l) . ( l3Tl) and ( !32|) hold. We add g = dj^ii new edges 
(different from the previous red and blue edges) to Gm^+i, which we colour green, in such a 
way that every light vertex is incident with exactly dj+i green edges; every heavy vertex is 
incident to at most one green edge; and no green edge is incident to any medium vertices. 
(So green edges only connect light and heavy vertices.) This can be done by (13T!) . since the 
total number of green edges 

n 

9<- 



exp 



(l-e) 2mj+x 
13 n 



is much smaller than the number of heavy vertices eventually. Finally, greedily add n yellow 
edges to Gmj+i, different to all previous red, blue and green ones, in a way that each yellow 
edge connects two heavy vertices and each heavy vertex is incident with at most 3 yellow edges 
(this can be done greedily since we have /i ~ n heavy vertices by fl32|) and the maximum degree 
(adding red, blue and green degrees together) is O(logn) by (l30l)). 

We may regard the sequence of graphs Gm-j C Gmj+i, ■ ■ ■ C Gm^j^^ as a process in which 
we sequentially add blue edges to Gm , so the edges of each Gm are precisely the red ones 
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together with the first m — rrij blue ones. For each m in our range, we define G'^ as E{G'^ = 
Cm Eg U Ey, where Eg is the set of green edges added to Gm^.^j and Ey is an arbitrary- 
subset of yellow edges added to Gm +i so that the number of edges of the resulting graph 
G'j^ is a multiple of n — 1. We now verify that G'^., . . . , satisfy all conditions (a')-(e') 

of Lemma [271 assuming that fl30l) . fl3T]) and fl32l) and some additional events hold. We give 
bounds on the probabilities of these events. 

First observe that for all rrij < m < rrij^i, we have d{G'^) < ^ ^^^^ _^ ^ 



similarly d{G'^ > = dj, so 
Hence, for all m in the range. 



diG'J ~ dj+i ~ dj (33) 



SiG'J > ii+|a±l > (i±i2m, (34) 

SO (a') holds and 6 = Q{d) = For any S, let dr{S) denote the average red degree of 

S. By Lemma [TT|, with probability 1 — e"'^^^^'^^^ ^ for a positive constant C, for all 5* with 
S > Cn, dr{S) > d{Gr,^^){l-o{l)) > d{G'J{l-o{l)) by §Ei). Thus, (b') holds by noting that 
d{S) > dr{S). By applying Lemma [T3] to the red edges and using (l33l) . we deduce condition 
(c') holds with probability at least 1 — 6"*^^^" for all G^. 

For (e'), first note that t{G'^^) = fl{dj^i). Then, Lemma [Ml applied to Gm^+i (i-e. only 

red and blue edges) shows that with probability 1 — Ge"'^^-'"^^ all sets S of size s < (n have 
at most {e/4:)t{G'^.)s red and blue edges inside. Let G" be obtained by adding all g green 
edges and all n yellow edges. So G^ C G" for all rrij < m < nij^i. We bound the number 
of internal edges inside S in G". Let S2 < s be the number of heavy vertices in 5*. Each 
internal green edge in S must be incident to one of the S2 heavy vertices inside, and the 
number of yellow edges in S is at most 3s2, since each heavy vertex is incident to at most 
3 of them. Therefore, the number of green and yellow edges in S is at most 4s2 < 4s, and 
the total number of edges inside 5* in G" (and thus, in all G^, rrij < m < mj_^i) is at most 
(e/4)t(G;,,)s + 4s < (e/2)t(G;,,)s, since t{G'^.) oo. Thus (e') holds for all rrij < m < rrij+i, 
smcetiGC^)<tiG'J. 

Finally, we prove (d'): Let S* be a set with 1 < jS"! < n/2 (otherwise we take S). Suppose 
first that 1 < 15*1 < (n. From what we proved before for (e') and (jMI) . the number of internal 
edges in S is at most (e/2)t(G^)s and so, for each G^, 

(1 + e)d(G' ) 

E{S, S) > 6{G'Js - mt{G'Js > ^^^s - {e/2)t{G'^^)s > t{G'^^)s > t{G'^^). 

Otherwise, if (n < \S\ < n/2, (c') gives us what we need using only red edges. 

Hence, in view of Lemma [271 with probability 1 — e"*"*-^-'"^^'^^ > 1 — Vfe^)^ since Pjn > 
f = w(l), for all rrij < m < rrij+i, we have 

T{G'J = m{G'J/{n -l)=\{m + g)/{n - 1)] < \{m + <P,)/{n - 1)] , 

since by construction m{G'^ is the smallest integer that is at least m + g and is divisible by 
n — 1. 
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This implies the claim since 



A{Gm) < AiG'J = m{G'J/{n - 1) < \{m + - 1)] . 

□ 

Proof of Claim^ We pick a constant e > as in fl29l) . By fl30|) and the definition of pj, with 
probability 1 — e~'^^^, for all rrij < m < rrij^i we have 

A{Gm) > \m/{n - 1)] > rf(G,n,)/2 > (1 - (35) 

and the maximum degree of Gm is O(logn). Let us redefine light vertices of Gmj+i to be 
vertices with degree (red degree plus blue degree) at most (1 — e)(i(Gmj+i)/2. By Lemma fTSTi) 
with k = ^'^-^d{Gmj+i) ( 129|) . the expected number of light vertices in Gmj+i is at least 

+ 0(1) I > ne-(^+^'/4W/5 > 2ne-^^, 

for some constant e' < e and the inequality holds since / = o(logn). Note that with probability 
at least 1 - e'^^^s"^ for all j < T', 2mj < (1 + e/8)(3n logn and so 

(1 + e/4) 2mj ^ (1 + e/4)(l + e/8) 




< log n < a log n, 



P n - l + e/2 

for some < a < 1, depending only on e. Then, by Lemma flGl and by Chebyshev's inequality, 
there are 



light vertices in Gm.+i with probability at least 1 —0{logn/n) —n'^~^ > l — l/{pjn)'^. By fl35|) . 
with probability at least 1 — e"^'^'^, these light vertices have degree in G^ strictly less than 
A{Gm) for all m in the range rrij <m< rrij^i since Gm ^ G^j+i- 

For each G^ we construct G'^ as follows. Let J-^ be the set of A{Gm) edge-disjoint forests 
covering Gm- For every light vertex v and for every forest F G Tm., if F has no edge incident 
to V, then we add a new edge connecting v to some non-light vertex, and make this new 
edge be part of F (this can always be done since both \J^m\ and the maximum degree are 
O(logn) and the number of non-light vertices is n — o(n)). Observe that G'^ has at least 
m + i' edges since for each light vertex v we added at least one edge as the degree of v is less 
than \ J^m.\ = A{Gm)- By construction, G'^ and Gm have the same arboricity, so 

A{Gm) = A{G'm) > \{m + n/{n - 1)] > [(m + 0i)/(n - 1)] . 

□ 



8 Proof of Theorem 4 



Lemma 29. Let G ~ ^(n,p), where p < c/n for some constant c > 0. Then there exists 
another constant a > 0, such that a.a.s. all subgraphs of G with order at most an have average 
degree at most 2.2. 
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Proof. Let Xg denote the number of sets S C [n] with 15*1 = s and l-EfS*]! > 1.1s. Let r = s/n. 
Then 

where C = e^'^c^'^/1.1^'^ is a constant depending only on c. Thus, by choosing a sufficiently 
small, we have that for all r < a, Cr^'^ < 1/2. It follows then that 

5: Ex,= y: e ^x.=o 0^+2-'-^") =0(1). 

l<s<an l<s<logn logn<s<an ^ ' 

□ 

For any integer k > and real > 0, define 

i>k 

For any k > 3, define /ifc(yu) = ^"^^ 

Cfc = inf yU > 0}, VA; > 3 and C2 = 1. (36) 

For any c > c^, define n^k to be the larger solution of hk{ij) = c. 

The following theorem follows from a result about the threshold for the appearance of a 
giant /c-core, ffist proved by Pittel, Spencer and Wormald [2l], and later reproved by many 
authors. See [HI El [IE] . 

Theorem 30. Let k > 2 be fixed and let Ck be defined as in ( l36l) . Then for all c > Ck, a.a.s. 

W{n,c/n) has a non-empty k-core with fk{f^c,k)'>T' + o(n) vertices and ^f^c,kfk-i{fJ'c,k)n + o{n) 
edges. For all k > 3 and c < Ck, a.a.s. ^{n,c/n) has an empty k-core. 

Cain, Sanders and Wormald [1] proved that for every k > 2 and e > 0, a.a.s. we have 
that if the average degree of the {k + l)-core of ^{n,p) is at most 2k — e, then W{n,p) is 
/c-orientable: all its edges can be oriented so that no vertex has indegree more than k. On the 
other hand, Hakimi's characterisation [13] tells that a graph is /c-orientable if and only if it 
contains no subgraph whose average degree is more than 2k. These two results immediately 
imply the following theorem. 

Theorem 31. Given any positive integer k > 2 and an arbitrarily small e > 0, a.a.s. we have 
that if the average degree of the {k + \)-core of '^{n^p) is at most 2k — e, then there is no 
subgraph of^{n,p) whose average degree is more than 2k. 

Corollary 32. Given any positive integer k > 2, a.a.s. we have that if the average degree of 
the {k + l)-core of^iji.p) is at most 2k + o(l), then there is no subgraph of^{n,p) whose 
average degree is more than 2k + o(l). 

Proof. It is easy to verify that yu/fc_i(/i)//fc(/x) is a strictly increasing function of /i, which 
goes to infinity as yU — oo. It is also easy to verify that hkin) is a strictly increasing function 
of /i for yU > fJ'Ck^k- Hence, by Theorem [301 there exists a constant c > such that a.a.s. the 
average degree of the {k + l)-core of ^^(n, c/n) is 2k + o(l). 
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Let e > be an arbitrarily small constant. For anyp > (c + e)/n, a.a.s. the average degree 
of W{n,p) is greater than 2k + a, for some a{e) > 0, by Theorem [5(11 Hence, we may assume 
that p < {c + e)/n, and it follows by Theorem I5U] that the {k + l)-core of ^{n,p) has average 
degree at most 2k + 0{e). We will prove that for every e > and every p < {c + e)/n, a.a.s. all 
subgraphs of ^{n,p) have average degree at most 2k + 0(e). Construct '^^{n,p) by exposing 
each non-edge in ?f (n, (c — e)/n) independently with probability p', where p' satisfies 



Then p' = 0{e/n). Thus, a.a.s. '^^{n,p) contains 0{en) extra more edges than ^{n, (c — e)/n). 
Let if be a densest subgraph of ^{n,p). If the average degree of H is less than 3 < 2k, 
we are done. Otherwise, by Lemma [29l a.a.s. = Q{n). By Theorem [30l there exists 

cr' > depending on e such that the {k + l)-core of ^(n, (c — e)/n) has average degree at 
most 2k — a'. By Theorem |3T| a.a.s. the subgraph of ^^(n, (c — e)/n) induced by V{H) has 
average degree at most 2k. Adding 0(en) edges to V{H) will change its average degree by 
0(e) because |V^(i7)| = Q{n). Thus, the average degree of H in '^{n,p) is at most 2k + 0(e). 
This holds for every e > 0. Hence, a.a.s. this is no subgraph of '^{n,p) whose average degree 
is more than 2k + o(l) for every p ^ cjn. □ 

Proof of Theorem Part (a) follows as a corollary of Theorem [5l Now we consider p = 
Q{l/n). Assume p < c/n for some constant c > 0. Then there exists cXc > such that a.a.s. 
the number of vertices in G ~ ^{n,p) with degree is at least acU, whereas a.a.s. m{G) = 
(1 + o{l))cn/2. Hence, every forest contained in G has size at most (1 — ac)n. It follows then 
that A{G) >m{G)/{l-ac)n> (l + e(l))c/2. Next, we prove that for all c = c„, = 6(1), a.a.s. 
A{'^^{n, c/n)) is concentrated on two bounded values. This directly implies that A{'^{n, c/n)) 
is bounded and thus, for every c = 0(1), a.a.s. A{W{n,c/n)) = (1 + 9(l))c/2. 

To prove that A{'^{n,c/n)) is concentrated on two values, we consider two cases. If 
limsup„_^oo c < 1, then all vertices of 5f (n, c/n) are contained in isolated trees except a set S of 
o(n) vertices [H Theorem 4b]. By Lemma [29| a.a.s. any subset S" C S* contains at most 1.1|5"| 
edges. Hence, a.a.s. there is no subgraph H of W{n,c/n), such that \E{H)\/{\H\ — 1) > 2. It 
follows then that A{^{n,c/n)) G {1,2} in this case. Now we assume that lim inf „_j,oo c > 1. 
We prove the a.a.s. two- value concentration of A{'^^{n,p) with p ~ c/n for some constant 
c > 1 and our claim holds for all p in this rage by the subsubsequence principle (see |16j). 
By Theorem [301 every k, such that Ck < c, a.a.s. the average degree of the /c-core of 
A{':^{n,c/n)) is yUc,fc/fc-i(/^c,fc)//fc(yUc,fc) + o{l). Let 



Since c > C2 = 1, a.a.s. there is a giant 2-core whose average degree is strictly greater than 
2, and thus trivially 2 G K^. So is non-empty. It is well known that is an increasing 
sequence of k and — t- oo as A; — > oo. Hence, Kc is finite. Let kc be the largest integer in 
Kc- By Theorem [301 a.a.s. the {kc + l)-core has average degree at most 2kc + o(l) and the 
kc-coie has average degree strictly greater than 2{kc — 1). By Corollary [321 a.a.s. there is 
no subgraph of '^{n,c/n) whose average degree is more than 2kc + o(l). Hence, the average 
degree of the densest subgraph is a.a.s. strictly greater than 2{kc — 1) and at most 2kc + o(l). 
It follows immediately by Theorem [H] that A{W{n,c/n)) G {kc,kc + 1} for all c = 0(1) such 
that liminf„_>,oo c > 1. Part (b) follows by defining kc = 1 for all c such that limsup^^o^ c < 1. 




Kc = {k: Ck< c, fic,kfk-i{fJ'c,k)/fk{fJ'c,k) > 2(/c - 1)}. 
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When p = o{l/n), we have that '^{n^p) is a.a.s. acychc by [9] and nonempty. So a.a.s. 
A{^(n,p)) < 1. 

□ 
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